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AB!TTRAcT 

Use of consecutive reaction analysis for the derivation of kinetic parameters is 
demonstrated for the solid state decompositions which often include fractional orders 
of reaction. The differential equations describing the relative amotints of reactants and 
products durin g an isothermal decomposition are solved numerically by machine. 
Unlike previously used methods for sohd-state decompositions there is no nezd io 

assume that the rate constant of the first step is much greater ttan that of the second_ 
AIso, the technique shows the interpretation of experimental data throughout the 
entire range of the reaction. The treatment was applied to the tu-o-step deccmposition 
of iron(H) sulfate in a dry nitrogen atmosphere. The results show the data to fit 
consecutive half-order reactions. 

IXTRODUCTION 

The use of kinetic equations to describe consecutive reactions in solution and 
gas-phase studies are relatively common. The derivation and in some cases the solution 
of the pertinent differential equa?rons for integral orders of reaction are presented in 
several texts*-‘. Solutions of t’le differential equations for th : cases of the fractional 
orders which are common to solid-state decompositions have not been reported 

In a previous study by these authorsG _ It was reported that iron(H) sulfate 
thermally decomposed in nitrogen according to the foilowing two-step consczutive 
reaction: 

2FeSO,d Fe,O,SO, f SO, 

Fe,O,SO, ---, Fe203 -r-SO, 

Since these two reactions appeared well resolved in time, particularly for the freeze- 
dried samples, the data were treated as though the first reaction was complete at the 
outset of the second reaction. This approximation to the treatment of consecutive 
reactions has also been used by Bond and Jacobs’ for the decomposition of sodium 
nitrate. 

Studies in other systems which may have consecutive decomposition reactions 
have prompted these authors to analyze more closely the use of consecutive reactions 
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with fractional orders. 

it 
A w B-+-gas 

. 
B : Cegas 

u-here A, B, and Care 

are A, B and C. Thus, 

cL__k A” 

dt 
I 

Consider the reactions 

so!id reactants or products and their fractional concentrations 

the rate equations are 

(3) 

where n and nz are the orders of the first and second reactions respectively. A, B, and C 

are defined as fractional concentrations 

A+BS-C = I_ (41 

Considered here are the cases where n and m can have the values of 0, _t, 3, and I 

correspondin, 0 to the linear law, contracting area, contracting volume, and first- 

order models, respectively. 

Equation (I) can be integrated directly to obtain the amount of A. Boundary 

conditions for the integration are A = I at t, where I,, is starting time. The analytical 

soIution to Eqn. (2) is obviously simpfe for some combinations of n and M. However, 

for other combinations, particutariy where m is non-inte_@, the analytical solution 

is not simple- For this study numerical solutions were thus chosen. 

Using Eqn. (4) and knowing the amounts of A and B, one can tic’ the amount 

of C and it is unnecessary to evaluate Eqn_ (3) directly- 

The sample preparation and data acquisition techniques for fx=ze-dried iron 

sulfate samples decomposed in nitrogen are described in a previou; v-ork6. The raw 

weight versus time data were converted to fraction reacted, I, us+~g tie z?propriate 

starting and final wezghts, lco, and ZQ. In this case, w. represents the weignt as if the 

sample were FeSO, 3 sd xf represents the weight of the sample as Fe,O,. 

The machine computation technique used selected vabres of k, , k,, f,, n, and 

7~2, and soIved Eqns- (1) and (2) to determine the relative amounts of A and B at each 

af the experimenta time points_ Solution of Eqn (2) was based on Runge-Kutta 

t~echniques for the first two points and then on Mime’s predictor corrector method for 
subsequent points (data points were taken at equal time intervaIs). Given a value of 
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A and B at each time point, the fraction of C was found by difference_ Then the value 
of SC predicted at each time by these choices of k, , k,, I,, II, and IZZ is given by 

%=B Ii ( > -u7i +c '0 

NO -l+ 

where u-:~ is the intermediate weight for the sample as if it were all B or in this case 
Fe202S04_ The standard deviation was calculated between these predicted 3c points 
and the actual experimental z points, and was used as a degree of fit parameter_ 

An iterative scheme was employed to vary k, , k2, and to such as to minir-lze 
the standard deviation at a fixed set of n and m. The iteration was allowed to proceed 
untiI a minimum in the standard deviation was f:-und. This minimum was defined as 
a set of k, , k,, and to such that a I % change of any parameter in either directicn 
would cause a rise in the standard deviation. This procedure was then completed for 
each of the 16 combinations of m and n which represent the data for each isothermal 
experiment. 

The rate constant k has been expressed here as 

dz 
- = k(l -x)” 
dt 

for any one reaction_ This definition of the rate constant is not consistent fcr the 
fractional orders + and 3 which were expressed previousIy6 in the integrated forms 
known as contracting area and contracting voIume equations 

l-(1---~)*= k’t 

and 
l-(l-Cc)* = k’t. 

Upon differentiation these are 

dx _ k, (l--r)” 

z- l--n‘ 

Thus for the fractional orders 

k’ = k(1 -n) 

and to be consistent with previous data6 the values of k’ are reported in the following 
data. 

Arrhenius p1ot.s were made from these rate data to give an activation energy and 
pre-exponential terms. 

RESULTS 

Examples of calculated curves along with the associated experimental data 
points for the fraction reacted are shown in Fig. I for selected reaction orders. The 
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FIRST REACTtO?+ O.RCER-1/Z 

YCiTiG REACiiOX OR3ER = t/2 

FIRST REACTION ORDER = 1 

SECGND iZEACTiO.‘i ORDER = 0 

T:.uE rsecl 

Fig. 1. S&cted examples of calculated reaction curves Gth the experimenta data for decomposition 
of F&O, at 575°C in N=. 

upper curve in Fig. I with reaction order 3 followed by order 3 represents the best fit 

for t.h,% data while 21e other two cases iIIustrate the nature of the curves where the 
selected orders do not represent the data as well. Table I gives, for these same data, 

the standard deviation of the curve from the data points for each of the sixteen combi- 
-lations tried. This shows that the f order for both the first and the second reaction 

gives a minimum standard deviation. 

TABLE I 

STANDARD DEVIA-i-iObiS BETWEEN -i-HE CALCULATED AND EXPERIMENTAL CL 
POINTS FOR DECOSIPOSITION OF F&O* AT 575°C iN NZ 

Order of Or&r of second reaction 

fiist 
reacti0n 0 i 3 1 

0 0_0104 0.0081 0.009 I 0.0137 
I O_OIW 0.005 1 oJ3063 0.0108 
* 0.0127 0.0073 0.0077 0.01 I I 
I O.OI95 0.0135 O.Olz3 0.0133 
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Figure 2 shows the calculated amounts of the starting F&O,, the intermediate 
Fe,O$O~, and the final product Fe,Oa, for the data set used in Fig. 1 and Table I. 
This ideal representation shows the relative amounts which would be present for the 
consecutive half order reactions over the entire reaction range even though the 
experimental data there were fit onIy in the z range 0.1 to 0.9. 

0 200 400 600 m0 1003 1200 1400 

TIME tsec) 

Fig_ 2. Relatk amound of products and ractants for an ideal consecutive half-order decomposition 
of FeSOI at 575 ‘C in NL . 

At the five experimental temperatures used (475, 500, 525, 550, 575°C) the 
foliowing consectutive order pairs showed good fit to the data: +, f; 3, 0; and 3, 3_ 
The 3, + case is used for illustration since the results can then be compared directly 
with those published earlier6 and since the M! _ _!_.__ _ p11 +=A z+vation energies were nearly 
the same for any of these closely fitting rases. 

10-5 

40-6. , I I I , I , I I I r i i I , I , I , I , 

1.14 1.16 1.18 120 1.22 I_.24 1.26 128 1.30 1.32 1.34 1.36 
INVERSE TEMPERATURE (‘K-‘xX)-‘) 

Fig, 3_ Arrhenius ~1~s for the decomposition of F&O4 in Nt us’kg conscutive half-order reactions. 
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Examples of the pIots used for obtainin g the activation energies and pre- 

exponential terms for the first and second reactions are shown in Fig. 3_ The para- 

meters derived from these plots are given in TabIe II. 

TABLE II 

.4CT!VATION ENERGIES AND TRE-EXPONENTIAL TERMS FOR THE 
DECObIPOSITi3N OF FeSO, IN N2 USISG CONSECUTIVE HALF-ORDER 
WWcrIONS 

This Prffious 

coRsrcilrire indiriduaf 

rcacliofz reacrion 

at7a:ysis ma&-sis 

First reaction activation 
energy (kcal,~moi) 
pre-enp. term 
MC- ‘) 

6’ -i _-_ 61.1 

442 x 10’3 3.32x IO!” 

Second reaction actintion 
ener_Py (kcal~moi) 
pre-exp- term 

(5cc- ‘) 

49.9 38. I 

-1.88 x IO9 1.79 x IO9 

One of the objectives of this work was to compare the kinetic parameters 

derived by this consecutive reaction analysis with those derived in previous work6 

~iiere an important simplifying assumption was made_ This assumption was that the 

first reaction was essentiahy complete before the second started. In other words, the 

two consecutive reactions were assumed to be distinctIy separated in time. This 

simplified treatmen: can only be used if the rate constant for the first reaction is much 

_greater than that fbr the second. The consecutive reaction analyses presented in this 

work wilI, ho-.vever: apply regardIess of the relative magnitudes of the rate constants. 
Both the simplified treatment and the present treatment show consectutive 

haIf_order reaction kinetics to represent these data. Also, from Table II it can be seen 

that both treatments give nearly the same activation ener_q and pre-exponential 

terms despite the fact that the two analyses must use different ranges of alpha. In the 

si.;npiified treatment the two individual reactions we--e analyzed over the alpha ranges 

0.05-iMO and O-IO-O-90 respectively. The present treatment however, uses the range 

in aIpha of 0.10-0.90 for the entire two-step dt,omrzosition. Thus whiIe the present 

treatment did not analyze as much data at the very early and very late portions of the 

reactions it did incIude a11 of the data at the latter part of the first reaction and at the 

beginning of the second reaction which was omitted in the previous treatment. 
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The use of the concept of consecutive reactions in the analysis of solid-state 
decomposition kinetics has been Iimited to a few cases in which approximations have 
been used based on the assumption that the rate of the first reaction is considerably 
greater than that of the second. in this work the differential equations which define 
such reactions have been stated and the techniques for their solution have been 
outlined_ 

In the application of these techniques to the two-step decomposition of iron(H) 
sulfate in nitrogen it was found that the derived kinetic parameters differed Iittle from 
those previoudy caicdiated usin g the simplifying assumptions. This su_g_gests that in 
this case the previous asstunptions of well-defined reactions was well founded. The 
technique does, however, offer the advantage of beir.2 able to treat cases where the 
magnitudes of the rate constants are close and also allows one to analyze data over 
the entire reaction range. 

The authors wish to thank A. J. GsIdstein for his advice concerning numerical 
procedures. 
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